Abstract. In this paper, it is shown that certain Theta functions are asymptotically optimal for the periodic time frequency uncertainty principle described by Breitenberger in 2]. These extremal functions give rise to a periodic multiresolution analysis where the corresponding wavelets also show similar localization properties.
x1. Introduction
A fundamental result on time and frequency localization of square-integrable functions on the real line is given by the Heisenberg uncertainty principle, and it is well known that the Gaussian functions serve as extremal functions for this inequality. On the other hand, uncertainty relations for periodic functions have not been studied as thoroughly as the original inequality on the real axis. In this paper, we want to focus on a concept discussed by Breitenberger in 2] , where uncertainty of a periodic square-integrable function is described in terms of the product of frequency and angular variances.
A uni ed approach to the theory of general periodic multiresolution analyses is investigated by Plonka The time frequency localization of periodic scaling functions and wavelets according to the aforementioned uncertainty relation is studied intensively by Narcowich and Ward.
The periodic basis functions in 5] possess an uncertainty product of O( p n) for increasing dimension n of the corresponding spaces. Uniformly bounded uncertainty products are computed by Selig 10] for trigonometric fundamental Lagrange interpolants based on de la Vall ee Poussin means and for trigonometric Hermite interpolants based on Fej er kernels in 9]. The question of extremal functions to attain equality in the periodic uncertainty principle is not addressed in these papers. As it turns out that there is no function satisfying the equality, our goal is to construct asymptotically optimal functions. Not surprisingly, this leads to periodized Gaussian functions, i.e., special cases of Theta functions (see Section 2). Additionally, the wavelet functions in the corresponding multiresolution analysis also show a similar asymptotic behaviour (see Section 3). In Section 4, the localization properties of the orthogonalized functions are considered.
Let us nally remark that recently, Narcowich and Ward 6,7] also studied wavelets and localization properties on higher dimensional spheres, while asymptotically optimal results for compactly supported scaling functions and wavelets on the real line can be found in the paper by Chui In the following theorem, an uncertainty relation for L 2 2 is formulated, which only excludes single frequency functions of the form ce ikx , c 2 C j j , k 2 Z Z. In this case, var F = 0 and var A = 1. Nevertheless, inequality (2.1) below actually holds for all functions in L 2 2 . In order to investigate the existence of optimal or asymptotically optimal functions for this uncertainty inequality, and for the sake of completeness, we give a detailed proof here. Now, we investigate the problem of optimal periodic time-frequency localization, i.e., whether it is possible to achieve equality in the uncertainty principle, which in turn implies equality in (2.1). Examining the proof, in the Cauchy-Schwarz inequality actual equality only occurs i for which cannot happen as the left hand side is not constant. Hence, there is no function f of optimal time-frequency localization. However, one can try to obtain the best possible constant 0.5 in the limit which will be the goal for the rest of this section. where the last equality follows again from Lemma 2.1.
Putting together the corresponding estimates we obtain Hence, it makes sense to consider wavelet spaces W n , namely the relative orthogonal complements of V n with respect to V 2n such that V 2n = V n W n :
While the scaling functions are just translates of one single function, independent of the level n, the corresponding wavelets turn out to be dependent on n. As the major concern here, however, is the dependence on the term h, we will suppress the dependence on n in our notation by writing h (x) := which equals the left hand side.
Additionally, one can also state the two-scale relations for the basis functions of V n and W n with respect to V 2n . We have Now, the question of time-frequency localization of the wavelet will be addressed. It remains an open question whether there is a translation invariant basis of W n which is asymptotically optimal independent of the level n. x5. Conclusion
For the periodic uncertainty principle of Theorem 2.1, we have shown that the lower bound 0:5 cannot be attained. On the other hand, the bound is optimal as we have constructed functions ' h , whose uncertainty products, according to Theorem 2.2, are arbitrarily close to 0:5. Using equally spaced translates, these functions ' h give rise to a multiresolution analysis. In Theorem 3.1 we construct corresponding wavelet functions which are again asymptotically optimal with respect to h. However, the localization of the wavelet is estimated only in dependence on the level n. This means that for xed h the localization is lost for large values of n. Nevertheless for xed n and small h, the shape of the wavelets approaches the shape of the Theta functions. Analogous results are stated in Section 4 for orthogonalized bases. It remains an open question whether there is an orthogonal basis of L 2 2 , which is asymptotically optimal independent from the level n.
